Weinvestigate
the renormalization group flow of SU(3) lattice gauge theory in two coupling space with /3n of plaquette and /?i2 of rectangular actions. Extensive numerical calculations of the RG flow are made in the fourth quadrant of the coupling space, i.e., /3n > 0 and /?i2 < 0. Swendsen's factor 2 blocking and Schwinger-Dyson method are used to find an effective action for the blocked gauge field.
Resultant renormalization group flow runs quickly towards an attractive stream which has approximate line shape. This is a numerical evidence of the renormalized trajectory which locates close to the two coupling space. A model flow equation which incorporates a marginal coupling (asymptotic scaling term), an irrelevant coupling and a nonperturbative attraction toward strong coupling limit reproduces qualitatively the observed feature. We further examine scaling property of an action which is closer to the attractive stream than the currently used improved actions.
It is found that the action shows excellent restoration of rotational symmetry even for coarse lattices with o~0.4 fm. New blocked actions S' as a function of blocked link variables V's are constructed from the original S(U) as '00 = Ie~s^6(y -P(U))DU,
where P defines the blocking transformation.
The action S' includes the renormalization effect induced by blocking.
In the space of coupling constants, the blocking transformation makes a transition from a point corresponding to S to a new one of 5'. Repeating the blocking transformation , we obtain trajectories in the coupling space called as the renormalization group flow.
There is a special trajectory, i.e., renormalized trajectory (RT) which starts at the ultraviolet fixed point.
On RT, actions keeps long range contents corresponding to continuum physics.
Recently Hasenfratz and Niedermayer have reminded us the point and called the action on the RT as a "perfect action" [9] . Therefore if we find a RT corresponding to a blocking transformation, it gives us an action which gives accurate results in the continuum limit.
Even if it is an approximate one, it serves a well-improved action.
In this sense, a
48
-S' c pioneering work has been done by Iwasaki more than ten years ago [8] . He estimated a RT by matching Wilson loops (based on a perturbative approximation), and proposed an improved action.
In this work, we make a numerical analysis of the RG flow in two coupling space, (PiiiPu) of SU(3) lattice gauge theory , and clarify structure of the renormalization group flow. Namely, the action is restricted in the following form;
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Here Ppiag and Prect correspond to 1 x 1 and 1 x 2 loops, respectively. Main purpose of the present work is to perform extensive study beyond perturbative analysis.
It is not trivial that the RT locates near two coupling space. If no remnant of the RT can be seen, the two coupling space is insufficient to obtain well improved actions. In this sense, global analysis from weak to strong coupling regions of the RG flow is indispensable. Analysis is made in the fourth quadrant of the coupling space. We examine renormalization effects induced by Swendsen's factor two blocking for the plaquette action and some improved actions.
In addition, wider analysis is made to clarify the global structure of the RG flow. Wewill find a structure which attracts the flows. This is an evidence that the RT sits close to the coupling space. Characteristic features in the strong and weak coupling regions are also found. Observed features are reproduced by a model flow equation which incorporates a marginal coupling (asymptotic scaling term), an irrelevant coupling and a nonperturbative attraction toward strong coupling limit. Based on the flow structure, we further examine scaling property of an action in the two coupling space. Tests are made for rotational invariance and scaling of y/a/Tc. Near the attractive stream, we find good restoration of rotational invariance. This paper is organized as follows. In section 2, basic tools for the analysis are given. Section 3 is devoted to state simulation and numerical results of the RG flow. Scaling test of the actions is described in section 4. In section 5 , a model flow equation which can reproduce the RG flow is proposed.
Summary and discussions are given in section 7.
2 Blocking transformation and determination of renormalization effects
Here we describe basic frame work to study the RG flow for SU(3) gauge field on the lattice.
First we produce field configurations with an action S which has coupling constants (/?n, /312) å •E•E), and apply a blocking transformation on these configurations. Next we determine an action S" with coupling constants (P' n,/3' 12, •Eå •E) which reproduces the transformed configurations.
Then we get the flow from original coupling constants {/?} to transformed ones {/3' } in the coupling constant space; this is the RG flow. In order to perform the blocking transformation on a lattice, we adopt Swendsen's factortwo blocking [11] . For a set of SU(3) link variables C/M(n), a blocked field is constructed as: 
Summing the formula over c (5), we obtain Schwinger-Dyson equation, 
(10)
and we use convenient notation, V-p(ji) = V^(n -p. approximately /?n = 5.9 and 6.3 which roughly correspond to ay/a = 0.27 and ay/a = 0.14 respectively.
Therefore, those lattices enable us to study flow analysis in the confinement phase up to those lattice spacing. Studies in the deconfinement phase are also carried out in the present work. This is possible since the blocking does not affect long range dynamics and it is irrespective of the phase. We check this point by comparing results whose phases are confined on 164 lattice while deconfined on 84 lattice.
The results agree within errors. Surveyed region in the present work is the fourth quadrant which covers improved actions presently known. Blockings are carried out at more than 30 points. At each point about 100 configurations separated by every 100 sweeps are used to determine renormalized couplings /3n and /3i2 by Schwinger-Dyson method. Pseudo heatbath method is used to generate the gauge fields. Typical errors in the determination of the coupling are shown in Table 1 . The errors are relatively small even at deconfined points. In order to check auto correlation, analyses are made for data sample in which each configuration is separated by 1000 sweeps. Those data agree with that of the standard samples within error bars. Results are summerized in Fig 1, in which the resultant coupling shift by the blocking is shown by arrows. Figure 1: Renormalization group flow for QCD in two coupling space. The line in which these arrows involve is the renormalized trajectory.
As shown in the figure, several characteristics of the flow are seen. If we start from plaquette action (/3i2 = 0 line ), renormalization results in negative /?i2 as expected by perturbative analysis.
At /3n = 6~8, renormalization is very strong and make /?n twice larger and /?i2 negative.
Resultant points are far below the line of tree Symanzik action. On the other hand, in the strong coupling region below /3n < 5 , the fin is reduced by the renormalization.
Therefore, the plaquette action suffers large renormalization and it is far from the renormalization trajectory.
Points on the tree Symanzik action, Pw/ftu = -0. Fig.2 .
In the figure, horizontal axis is lattice spacing squared so as to see expected a2 effect. As seen in the figure, both Iwasaki In Fig.3 we shows the results together with other data on plaquette, tree Symanzik, tad-pole improved Symanzik and Iwasaki actions from Refs [19, 20] .
No appreciable dependence on lattice spacing is seen in the ration Tc/^/a for all the case including the DBW2 action. A puzzle is that the value of Iwasaki action is slightly high in comparison with other data but this may be due to technical difference to extract the string tension. Thus, DBW2 action passes this test as expected.
The results of both tests show that DBW2 action is really a well-improved as suggested by RG flow analysis. We compare DBW2 action with results from other actions in 2-coupling space [19, 20] As a by-product of the Tc analysis, contours of constant lattice spacing is obtained through the relation a = l/NtTc. Fig.4 shows compilation of the phase transition points in the two coupling space for plaquette, tree Symanzik, Iwasaki and DBW2 actions on Nt = 3~12 lattices. 
Modeling RG flow
In this section, we try to describe the flow in terms of a marginal and an irrelevant couplings. We have numerically obtained RG flow as in Fig.l , whose behavior is nontrivial. It is worth while to search for a mechanism of the behavior.
Let us first consider RG flow at small lattice spacing in an N dimensional coupling space. On the horizontal axis /3i2 = 0, eq.s (24) and (25) 5.1 Global feature of the flow by the model
We will apply the model flow equation (29) to the flow data obtained in the section 3. The two vectors v and w are parametrized as v = (cos6',sin0') and w = (cos0,sin6). Then the matrix A with a zero and a finite eigen-value A is given by
where wx is a vector orthogonal to w. The vector n is given by n = (l,cot(-9')). In the first, we describe global feature of the MCRG flow by the model. As discussed above, the vector w specifies slant of the attractive line while the vector v is a direction for approaching to it. The latter is matched with the flow data from plaquette action at /?n > 6. 
In spite of simplicity of the model, it reasonably connects the a^/a of the two different actions. We will see output of the flow of the model in this parameter set. Fig.6 shows typical pattern offlows by the model. Points corresponding to the factor-2 blocking are also indicated by symbols on the trajectories.
As shown in Fig.6 , the model well describes characteristic features of MCRG flow. Rapid approaching to the attractive stream is driven by the irrelevant coupling. This is manifest for the trajectory for higher fin. Successively flows converge almost to a single curve in the strong coupling region although subtle crossing between them are seen. In the present model, rapid approach to the attractor leads this convergence. Fig.7 .
Again, initial conditions are given in Table 4 . The symbols show the and 6(open circles).
As seen in the figure, the contours of constant lattice spacing are consistently reproduced. Another comparisons on the lattice spacing for tree Symanzik action and DBW2 action are made in Fig.7 .
As for the DBW2 action, scaling analysis has been also performed by Borici et al. [27] where /fo/Ai = -0.115 instead of -0.1148. In Fig.8 , lattice spacings for them are calculated by using initial values in Table 4 . The flow model gives good description of the data for the tree Symanzik action, while systematic deviation at larger /3n for DBW2 action is seen. However the deviation seems not serious since flows are near turning points around DBW2 action and are strongly dependent on the parameters. Fine tuning will be beyond the role of the present simple model.
As a whole, we have found that the characteristics of the RG flow can be understood based on driving forces due to a marginal coupling, an irrelevant coupling term and a nonperturbative term corresponding to the area law. In this work, the working space is limited to the two coupling space (/?ii,/?n). As shown before, there is an evidence that the RT locates close to the plane.
Although it is highly nontrivial fact, truncation effect which comes from the limitation of the coupling space should be examined.
There are several indirect evidences that' it may be important. As seen in Fig.l In order to clarify the situation, we perform a limited analysis in a three coupling space, (/3n> #li>Ptwist) of which an action of twist loop is included, [24] S = fitwut En./^ril -lReTr(Ptwist)}
where ptwist = UpWUvin+fi)UT{n+A+v)U-v{n+£+ v+f)U^(n+A+f)E/_T(n+f).
Blockings start from the points near the attractor in the two coupling spaces, i.e., the Ptwist = 0 sector. Results are shown in Fig.9 .
As shown in the figure, no sizable value of Ptwist is generated on the points on the attractor. On the other hand, if we start from the points /?n~10,/3i2~-1.0 , negative fifwist is induced as shown in Fig.9 . This indicates that attractor in the three coupling space sits little below the /3i2 = 0 sector in this.region. Although more extensive studies are necessary to clarify the exact situation, it turned out that the attractor in two coupling space gives a good start point of improved actions.
Summary
Weinvestigate the renormalization group (RG) flow of SU(3) lattice gauge theory in two coupling space, (/?n, /3i2) •E An extensive numerical calculation of the RG flow of the lattice is made. Swendsen's blocking followed by effective action search using Schwinger-Dyson method is adopted to find renormalization effects. Analyses in the fourth quadrant in the coupling space reveals presence of an attractive stream. Trajectories are firstly attracted toward it and after that they move to origin along it. Stream converges to a curve in the strong coupling Scaling property of the action near the attractive stream is examined. It shows excellent restoration of rotational invariance. Effect of truncation is partly examined and it is found that renormalization effect to the outside of the two coupling space is small and attractive stream in the two coupling space gives a good start point of improvement. 
